Published by Institute of Physics Publishing for SISSA/ISAS Received: April 16, 2002 Revised: June 13, 2002 Accepted: June 14, 2002

Non-relativistic anyons, exotic galilean symmetry and noncommutative plane

Peter A. Horváthy^∗ and Mikhail S. Plyushchay^†

Departamento de Física, Universidad de Santiago de Chile Casilla 307, Santiago 2, Chile E-mail: mplyushc@lauca.usach.cl, horvathy@univ-tours.fr

Abstract: We show that the Lukierski et al. model, invariant with respect to the two-fold centrally extended Galilei group, can be decomposed into an infinite number of independent copies (differing in their spin) of the “exotic” particle of Duval et al. The difference between the two models is found to be sensitive to electromagnetic coupling. The nature of the noncommutative plane coordinates is discussed in the light of the exotic galilean symmetry. We prove that the first model, interpreted as describing a non-relativistic anyon, is the nonrelativistic limit of a particle with torsion related to relativistic anyons.

Keywords: Space-Time Symmetries, Anyons, Non-Commutative Geometry.

∗Permanent address: Laboratoire de Mathématiques et de Physique Théorique, Université de Tours (France).

†Also: Institute for High Energy Physics, Protvino (Russia).

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep062002033 /jhep062002033 .pdf

As it has been known for some time, the planar Galilei group admits an “exotic” twoparametric central extension. Recently, two classical systems have been presented that exhibit this extended galilean symmetry. One of them, put forward by Lukierski, Stichel and Zakrzewski [1], uses the second-order lagrangian L_{LSZ} = 1 2 m ˙⃗x^2 + κ 2 ε_{ij}ẋ_iẍ_j , (1)

where m, the mass, and κ, the “exotic” parameter, label the central extension [2]. This system requires a 6-dimensional phase space.

The other model [3, 4, 5] is derived from the “exotic” Galilei group following Souriau [6], who identifies classical “elementary” systems with the coadjoint orbits of the group, endowed with their canonical symplectic structures. These orbits are 4-dimensional, and depend on 4 parameters denoted by s, h_0, m and κ. Their symplectic structure induces on the 5-dimensional “evolution space” made of positions, momenta, and time [6] the closed 2-form ω = d⃗p ∧ d⃗x + κ 2m^2 ε_{ij} dp_i ∧ dp_j − ⃗p · d⃗p m ∧ dt . (2) This (free) model is equivalent to that of a particle in the non-commutative plane [7, 8, 9] when κ/m^2 is identified (as always in what follows) with the “non-commutative parameter” θ [5]. Coupled to a gauge field, the “exotic” model (2) has been used to derive the ground states of the Fractional Quantum Hall Effect [5].

The two-form (2) depends only on m and κ; the two other parameters show up only in the way the Galilei group acts on the orbit, i.e., in the associated conserved quantities. These latter are found to be the momentum, ⃗p, J = ⃗x × ⃗p + θ 2 ⃗p^2 + s , angular momentum,

K_i = mx_i − p_it + mθε_{ij}p_j , boosts, H = ⃗p^2 2m + h_0 , energy, (3)

supplemented with m and κ = m^2θ. The parameter s is hence interpreted as anyonic spin, and h_0 is the internal energy. In [5] s = h_0 = 0.

The two models look rather different. Below we show, however, that the model (1) is in fact composed of an infinite number of independent copies (differing in their spin) of the model (2), (3), and point out that the difference between the models is sensitive to electromagnetic coupling. We discuss the nature of the noncommutative plane coordinates in the light of the exotic galilean symmetry, and argue that the model (1) represents nonrelativistic anyons. We demonstrate also that the model (1) is in fact the non-relativistic limit of the particle with torsion [10], which underlies the relativistic anyons.

Let us start with introducing Lagrange multipliers p_i and new variables y_i; then, adding the term p_i(ẋ_i − y_i) to (1) yields the first-order lagrangian L_I = ⃗p · ˙⃗x + κ 2 ⃗y × ˙⃗y + m⃗y^2 2 − ⃗p · ⃗y (4)

– 1 – equivalent to (1). Introducing the coordinates

X_i = x_i + mθε_{ij}y_j − θε_{ij}p_j , Q_i = θ(my_i − p_i) (5)

and p_i on the 6-dimensional phase space allows us to present the symplectic structure and the hamiltonian associated with (1) through (4) as

Ω = dp_i ∧ dX_i + θ 2 ε_{ij} dp_i ∧ dp_j + 1 2θ ε_{ij} dQ_i ∧ dQ_j , H = ⃗p^2 2m − 1 2mθ^2 ⃗Q^2. (6)

Our coordinates ⃗X are similar to but still different from those, ⃗X^L, of Lukierski et al.; in fact X_i = X^L_i − θε_{ij}p_j. Note that the “internal” coordinates, ⃗Q, measure the amount by which the “external” momentum, ⃗p, differs from (m-times) the velocity, ⃗y = ˙⃗x. In the coordinates (5), the “external” and “internal” motions, described by ⃗X and ⃗Q, respectively, are decoupled: Ẋ_i = p^i m , ṗ_i = 0 , Q̇_i = 1 mθ ε_{ij} Q_j . (7)

Thus, while the external motion is free, ¨⃗X = 0, the internal coordinates perform a uniform rotation with angular velocity (mθ)^{−1}. By (5), the original coordinates x_i = X_i − ε_{ij} Q_j rotate hence, in general, around the uniformly translating guiding center, c.f. [1].^1 Such a “Zitterbewegung” would be most surprising for a free non-relativistic particle, and we argue that it is the new coordinate ⃗X, and not the original ones, ⃗x, that should be viewed as physical. Note, however, that while original coordinates commute, {x_i, x_j } = 0, both the “external” and the “internal” positions, ⃗X and ⃗Q, respectively, are non-commuting, {X_i, X_j } = θε_{ij}, {Q_i, Q_j } = −θ ε_{ij} . (8) The action of the Galilei group on ⃗X and ⃗p, deduced from the natural action using (5), is conventional. The internal coordinate ⃗Q is left invariant in turn by the Galilei boosts, the rotations act on it as on a vector, ⃗Q → R ⃗Q. The system is invariant with respect to this action, allowing us to recover the conserved quantities (equivalent to those in [1]), namely ⃗p, augmented with J = ⃗X × ⃗p + θ 2 ⃗p^2 + 1 2θ ⃗Q^2 , K_i = mX_i − p_it + mθε_{ij}p_j , (9) and the energy, H, in (6). This latter can also be represented as H = 2 m ⃗p^2 − 1 mθ (J − m^{−1}ε_{ij} K_ip_j) . (10)

This means that like in the case of the usual free non-relativistic spinless particle (κ = 0), the energy is defined in terms of other generators of the Galilei group. Let us also observe that the coordinates X_i form a galilean vector since they have the correct transformation property under boosts, namely {K_i, X_j } = −δ_{ij}t.

1It is interesting to observe the analogy with the motion of a usual spinless charged particle in combined constant magnetic and electric fields, though the particle here is free.

– 2 –

For comparison with [1], we mention that though in the coordinates X^L_i the boosts appear in a more simple form, K_i = mX^L_i −p_it, their brackets are different from (8) in sign, {X^L_i , X^L_j } = −θε_{ij}, and unlike our X_i, they satisfy the relation {K_i, X^L_j } = −δ_{ij} t − mθε_{ij}, which means that they do not form a galilean vector.

Our clue is to observe that the system (6) can consistently be restricted to the surface

S_C : ⃗Q^2 − C^2 = 0 , C = const . (11)

For C = 0, in particular, S_0 is a 4-dimensional surface: the internal motion is reduced to a single point. Then the restriction of (6) yields the symplectic form Ω_0 = dp_i ∧ dX_i + (θ/2)ε_{ij} dp_i ∧ dp_j and the hamiltonian H_0 = ⃗p^2/2m respectively, so that Ω_0 − dH_0 ∧ dt is the “exotic” 2-form (2). The coordinates ⃗X are reduced now in fact to the original ones that perform the usual free motion with no whirling around, and can, therefore, be viewed as physical. The conserved quantities (9) become, furthermore, precisely those found in [5], i.e. (3) with no anyonic spin and vanishing internal energy, s = 0 and h_0 = 0, respectively. Note also that, consistently with (8), the original coordinates x_i become also non-commuting, owing to the constraint (11). This result is understood by observing that the action of the Galilei group on 6-dimensional phase space leaves the surfaces S_C invariant. For C = 0 it is transitive as well as symplectic. By Souriau’s theorem [6] S_0, endowed with the restricted two-form Ω_0, is hence equivariantly symplectomorphic to a coadjoint orbit of the group, namely to ω in (2) and (3), with s = h_0 = 0. Note also that when ⃗Q^2 = 0, the momentum is m times the velocity, ⃗p = m ˙⃗x. The second-order term in (1) becomes the “exotic” term (θ/2)ε_{ij} p_iṗ_j, and the lagrangian (4) reduces to the one used in [5].

Let us now turn to the 5-dimensional surfaces S_C with C ≠ 0. The coordinates ⃗X move still freely but the original coordinates, ⃗x, suffer the Zitterbewegung found above. An interesting insight can be gained by studying in the variational aspects of the system. The two-form and hamiltonian in (6) correspond indeed to the variational (Cartan [6]) 1-form (consistent with (4)), Γ = ⃗p · d ⃗X + θ 2 ⃗p × d⃗p + 1 2θ ⃗Q × d ⃗Q − ( ⃗p^2 2m − 1 2mθ^2 ⃗Q^2 ) dt . (12) Its restriction to S_C is plainly γ = ⃗p · d ⃗X + θ 2 ⃗p × d⃗p + C^2 2θ dσ − ( ⃗p^2 2m − 1 2mθ^2 C^2 ) dt , (13) where we have parametrized Q = Q_1 + iQ_2 as Q = Ce^{iσ}. Note that there is no equation of motion for the residual internal variable σ which became now unphysical.

The action of the Galilei group is consistent with the constraint, so it is still a symmetry, yielding once again the conserved quantities (9) with ⃗Q^2 replaced by the constant C^2. We obtain hence the shifted moment map [6] (3) with anyonic spin s = C^2/2θ and internal energy h_0 = −C^2/2θ^2, whose presence comes from that, when our ⃗X is identified with the

– 3 – physical coordinate in (2), then (13) only differs from the variational 1-form used in [5] in the (exact) “internal” 1-form (C^2/2θ)dσ and in a shift in the hamiltonian. Note that, curiously, the internal degrees of freedom, ⃗Q, contribute a negative term to the energy.

Physically, the restriction to S_C yields non-relativistic anyons.

The exterior derivative of the variational 1-form (13) to the odd dimensional manifold S_C is singular; its kernel corresponds to σ. Factoring this out, the residual 4D space can be parametrized by ⃗X and ⃗p, upon which the (extended) Galilei group acts transitively, so that Souriau’s theorem [6] identifies it, once again, with a coadjoint orbit with symplectic structure (2).

Note that the spin and the internal energy derived above are linked, h_0 = −(mθ)^{−1}s. It is rather easy to modify the original model [1] to make them independent: it is enough to add to L_{LSZ} the spin term L_s = s_0ε_{ij} ẋ_iẍ_j ˙⃗x^2 . (14)

This term is in fact s_0dφ, where φ is the polar angle of the planar velocity vector ˙⃗x. This “Aharonov-Bohm-type” term is topological: it merely changes the action by 2πs_0×(winding number), where the winding number labels the homotopy class i.e. counts the number of times the velocity space curve winds around the origin. It does not change the equations of motion (although it contributes at the quantum level). Taking into account the way the Galilei group acts, is simply results in adding s_0 to the conserved angular momentum, yielding the general case in (3). Note also that the exact “internal” term (C^2/2θ)dσ in (13) is actually also of a similar form: it is indeed (C^2/2θ)ε_{ij} Q_iQ̇_j / ⃗Q^2.

Let us mention that from the 1-form (12) and the relation (11), the technique of Dirac constraints allows us to derive the lagrangian L_C = m⃗y · ˙⃗x − m⃗y^2 2 + κ 2 ⃗y × ˙⃗y − mC| ˙⃗x − ⃗y| , (15) for which (11) appears as a first class constraint. The latter generates gauge transformations σ → σ + α(t) which mean that the circular coordinate σ is a pure gauge variable. As a result, lagrangian (15) corresponds to the reduced system. Note that for any value of C, the coordinates X_i, unlike x_i, are the gauge-invariant variables (commuting with the first class constraint (11)), and that for C = 0, (15) reduces to the lagrangian of the model (2) under the identification ⃗p = m⃗y, c.f. (13).

By virtue of the decomposition into external and internal spaces, the quantization of the model is straightforward. The external space is conveniently quantized using the commuting position-like variables

X̃_i = X_i + θ 2 ε_{ij} p_j , (16)

yielding the quantized operators at once [5]. Let us stress, however, that like the coordinates X^L_i , the commuting variables X̃_i are not physical, since they transform incorrectly under galilean boosts, namely as {K_i, X̃_j } = −δ_{ij} t − (mθ/2)ε_{ij} . So, the coordinates X_i describing the noncommutative plane are identified uniquely as the coordinates forming a galilean vector.

– 4 –

The internal space is the symplectic plane; its quantization is hence conveniently achieved using the “ Bargmann-Fock” framework, which yields the internal wave functions f(Q)e^{−|Q|2/4} where f(Q) is holomorphic. The internal hamiltonian, H_{int} = − ⃗Q^2/2mθ, can be viewed as the hamiltonian of a 1-dimensional oscillator with phase space coordinate Q, negative mass −m and frequency |mθ|^{−1}. Its spectrum is, therefore, E_{int} = −(m|θ|)^{−1}(n + 1/2), c.f. [1]. The divergent negative energies can be eliminated by constraining the system to S_C , which only leaves us with a constant (negative) shift; requiring positivity [1] amounts to setting C = 0.

Since only the rotations act effectively on the internal space, only this latter contribute, namely adding s = −mθE_{int} to the conserved angular momentum. When restricted to S_C , the radial oscillations disappear and s becomes the (constant) anyonic spin. Let us stress that s = C^2/2θ can take any real value.

When we put the system into an electromagnetic field, the result crucially depends on the way the coupling is defined [5]. Lukierski et al. only consider the coupling to a scalar potential. Their rather strange-looking, velocity-dependent expression is chosen so that, when expressed in their “ good” coordinates ⃗X^L, it becomes simply V ( ⃗X^L). Here we posit instead our coupling so that it becomes natural when expressed in our coordinates ⃗X. Then, in the case of the scalar potential coupling, the quantization rule (16) results in the Moyal product term in the Schrödinger equation,

V (X)Ψ(X̃) = V ( X̃_i − θ 2 ε_{ij} p_j ) Ψ(X̃) = V (X̃) ⋆ Ψ(X̃) , (17)

that reproduces correctly the structure of the one-particle sector of the quantum theory on the noncommutative plane [9, 8, 11].

Now, there is no difficulty to include a magnetic field: we simply apply Souriau’s prescription [6] who suggests to add to the exterior derivative of the free variational form (12) the electromagnetic two-form F = (1/2)F_{μν} (X)dX^μ ∧ dX^ν , X^μ = (t, ⃗X), expressed in the “natural” position coordinates. This coupling is plainly gauge invariant and, (unlike for the rule proposed in [7]), the Jacobi identities hold for non-constant fields, provided F merely satisfies the homogeneous Maxwell equations, dF = 0. Applying this rule yields unchanged internal motion; as to the external motion, we recover the model studied in detail in [5], which, in the critical case eBθ = 1, yields the ground states of the Fractional Quantum Hall Effect. Note also that the coupling of relativistic anyons to gauge fields have been considered in [17].

Here, we confine ourselves with presenting how this coupling rule — natural in our framework — appears in the context of the model [1]. In terms of the coordinates x_i, y_i and p_i used in (4) we get, for a constant magnetic field B (in the symmetric gauge), the rather complicated-looking phase-space lagrangian

L_B = p_i ( m^∗ m ẋ_i − y_i ) + m⃗y^2 2 + m^2θ 2 ε_{ij} y_iẏ_j − − eθ^2B m ε_{ij} p_iẏ_j + eB 2 ε_{ij} (x_i + mθε_{ik}y_k)(ẋ_j + mθε_{il}ẏ_l) + eθ^2 2 Bε_{ij} p_iṗ_j , (18)

– 5 – where m^∗ = m(1−eBθ) is the effective mass term introduced in [5]. This formula, hopeless as it is, reveals nonetheless at least two essential points. Firstly, putting the effective mass to vanish, m^∗ = 0, switches off the kinetic term; the system becomes singular, necessitating the reduction procedure described in [5]. Secondly, the appearance of ṗ_i in the last term implies that the momentum ceases to be a Lagrange multiplier and becomes rather fully dynamical. Therefore, it can not come by Legendre transformation from any lagrangian expressed in terms of ⃗x and its derivatives alone.

Other consistent couplings are also possible, though. One could add naively, for example, the standard constant magnetic term to the original lagrangian, i.e., replace L_{LSZ} by

L̃_B = 1 2 m ˙⃗x^2 + κ 2 ε_{ij}ẋ_iẍ_j + eB 2 ε_{ij} x_iẋ_j . (19)

This would yield three types of motions, depending on the sign of μ^2 = 1 − 4eBθ . (20) For μ^2 > 0 we get in fact a superposition of uniform circular motions with frequencies ω_± = −(2mθ)^{−1}(1 ± μ). For μ^2 < 0, z = x_1 + ix_2 moves according to some superposition of exp[−i(2mθ)^{−1}t] exp[±|μ(2mθ)^{−1}|t]z^±_0 , which are rotational motions with increasing or decreasing radii. For μ^2 = 0 we get finally a superposition of a uniform, constant-radius rotation, exp[−i(2mθ)^{−1}t]z_0, with a rotation t exp[−i(2mθ)^{−1}t]z̃_0 whose radius is linear in time. None of the motions with μ^2 ≤ 0 appears to be physical; such a coupling has therefore a limited interest. Note that the critical value μ = 0 has appeared before in a related but slightly different context [16].

Since the higher-derivative model (1) has been interpreted as describing non-relativistic anyons, we arrive at the natural question of its relation to the higher derivative model of the particle with torsion [10], which underlies relativistic anyons and whose action reads A = ∫ (−m + αϱ)ds , ϱ = ϵ^{μνλ}x^′_μx^{′′}_ν x^{′′′}_λ x^{′′2} , (21)

where the prime means derivation with respect to arc length, x^′_μ = dx_μ/ds, ds^2 = −dx^μdx^ν η_{μν} , η_{μν} = diag(−1, 1, 1), and ϵ^{0ij} = ε_{ij} .

The action (21) with α = 1/2 appeared originally in a euclidean version in the context of the Bose-Fermi transmutation mechanism [12]. Like the model (1), the system (21) possesses dynamical spin degrees of freedom, and reveals the Zitterbewegung. In analogy with the possible energy values E > 0, E = 0 and E < 0 of the hamiltonian (6), the model (21) possesses massive, massless, and tachyonic solutions, and its classical motions are similar to those of the (2 + 1)D relativistic charged scalar particle moving in constant electric and magnetic fields [13]. Finally, it was found that the reduction of the model (21) to the surface of constant spin results in a relativistic anyon model [10, 14, 15]. Such a formal analogy is, of course, not accidental, and below we prove that the model (1) is the non-relativistic limit of the relativistic model (21).

In an arbitrary parametrization x_μ = x_μ(τ), the structure of the equations of motion for the system (21),

ṗ_μ = 0 , p_μ = m α J_μ − 1 αq ϵ_{μνλ}J^νJ̇^λ , J_μ = α q ẋ_μ , q = √ −ẋ^2 , (22)

– 6 – is similar to that of the equations (7) written in the initial coordinates ⃗x,

˙⃗p = 0 , p_i = my_i + θm^2ε_{ij}ẏ_j , ⃗y = ˙⃗x . (23)

Note that on the surface defined by the equations of motion (22), the torsion of the world trajectory is reduced to the constant, ϱ = −mα^{−1}, whereas its curvature, k, k^2 = x^{′′}_μx^{′′μ}, is conserved, k^2 = α^2(m^2 + p^2). Identifying in (22) the evolution parameter with x^0 (laboratory time gauge), x^0 = τ, and taking a non-relativistic limit, | ˙⃗x| ≪ 1, we immediately find that the equations (22) with μ = i are reduced exactly to (23) when −α is identified with the “exotic” parameter κ.

To find the non-relativistic lagrangian of the model (21), let us turn to the canonical formalism. In accordance with (22), the system (21) is described by the constraints

χ ≡ p_μJ^μ + αm = 0, ψ ≡ P_q = 0 , (24)

responsible for reparametrization invariance. The symplectic form and the hamiltonian are Ω_{tor} = dP_q ∧ dq + dp_μ ∧ dx^μ + 1 2 α^{−2}ϵ_{μνλ}J^μdJ^ν ∧ dJ^λ , H_{tor} = α^{−1}qχ + wψ , (25) where w = w(τ) is an arbitrary function [10]. The J_μ take values in the two-sheeted hyperboloid, J^2 = −α^2, and generate the sl(2, R) algebra, {J_μ, J_ν } = −ϵ_{μνλ}J^λ. The angular momentum vector J̃_μ = −ϵ_{μνλ}x^ν p^λ + J_μ (26)

is an integral of the motion of the system (21) and forms, together with the energymomentum vector p_μ, the Poincaré algebra iso(2, 1). The first constraint from (24), being the classical analog of the quantum (2+1)-dimensional Majorana equation, has three types of solutions mentioned above. In the massive (p^2 < 0) and the tachyonic (p^2 > 0) sectors it defines the mass-spin relation, where the spin (central Casimir element) of iso(2, 1) is S = pJ̃ / √ |p^2|. In the hamiltonian picture, the gauge freedom is fixed by imposing two gauge conditions x^0 − τ = 0 and q − α/J^0 = 0. Let us focus our attention to the massive sector p^2 < 0, and, again, consider the non-relativistic limit | ˙⃗x| = | ⃗J/J^0| ≪ 1. Then the symplectic form Ω_{tor} reduces to ω_t = dp_i ∧dx_i +^1_2 α^{−1}ϵ_{ij}dJ_i ∧dJ_j. Using the Majorana-type constraint (24), the hamiltonian becomes, in turn, H_t = p^0 = α^{−1}⃗p · ⃗J −^1_2 mα^{−2} ⃗J^2 + m. Here we have taken into account the explicit dependence of the gauge condition x^0 − τ = 0 on the evolution parameter, and used that the positive energy sector p^0 > 0 corresponds to the upper sheet of the hyperboloid with J^0 = √ ⃗J 2 + α2. Identifying α−1 ⃗J with ⃗y, and as before, the −α with the “exotic” parameter κ, and using the relations (5), we find that ω_t is reduced exactly to the symplectic form (6), whereas the hamiltonian takes the form of the hamiltonian in (6) shifted by a constant, H_t = ⃗p^2/2m − (2mθ^2)^{−1} ⃗Q^2 + m. This means that the non-relativistic limit of the model (21) is described effectively by the lagrangian L_t = L_I − m, where L_I is the first order lagrangian (4).

– 7 –

In the non-relativistic limit, the iso(2, 1) generators (26) are reduced to J̃_0 = J +θm^2, J̃_j = ε_{ij} K_j , where J and K_i are integrals of motion (9), whereas the iso(2, 1) spin S is reduced to ⃗Q^2/(2θ) + θm^2. Finally, we note that the non-relativistic limit of squared curvature, k^2 = (x^{′′})^2, is ⃗Q^2/(mθ)^4.

In conclusion, we found that the model of Lukierski et al. [1] can be decomposed into a union of slightly deformed copies of the model studied in [4, 3, 5], which correspond to non-relativistic anyons. Our coordinates ⃗X transform as vectors under Galilei boosts, just like their non-commuting relativistic counterparts for the anyon considered in [18]. They are analogues of the Foldy-Wouthuysen coordinates for the Dirac particle. The commuting coordinates ~⃗X are in turn analogous to those localizable relativistic coordinates. The latter are, however, not a Lorentz vector [18], and correspond rather to the Newton-Wigner coordinates [19].

Let us stress that the coordinates X_i describing the noncommutative plane have been identified by us uniquely as the coordinates which form a space vector with respect to the transformations associated with the exotic Galilei group generators p_i, J and K_i from (9). They are translated by the hamiltonian (10) in contrast with the initial coordinates x_i subjected to a Zitterbewegung.

The additional internal degree of freedom, ⃗Q, can be related as spin, since the conserved angular momentum, J in (9), reduces, in the rest frame, to ⃗Q^2/2θ. Remember that ⃗Q is unaffected by galilean boosts and space translations. In our view the proper motion of ⃗Q is a gauge artifact; the only physical quantity is ⃗Q^2/2θ, which is a constant of the motion, and we identify it with the anyonic spin.

Eliminating the negative-energy quantum excitations amounts, furthermore, to suppressing (reducing to a fixed value) this internal spin degree of freedom and yields the minimal system studied in [4, 3, 5]. The word “minimal” refers here to the action of the (extended) Galilei group, which is transitive in [5], but not for the case of the model [1]. In a quantum language, transitivity corresponds to having an irreducible representation. The elimination of the negative energy states, is, however, not mandatory for a non-relativistic system. (Just think of the Kepler problem, where the bound motions have negative energy).

We have observed that the interaction described in terms of the covariant coordinates X_i results, at the quantum level, in the Moyal product term (17) in the corresponding Schrödinger equation. We have also pointed out that while the exotic model (2), (3) can be easily coupled to an electromagnetic field, the higher-derivative model (1) does not seem appropriate to accommodate a magnetic field in a natural way.

We have demonstrated that the Lukierski et al. system is the non-relativistic limit of the model of the relativistic particle with torsion [10]. In this limit the quantity ⃗Q^2/2θ is identified as a (shifted by a constant) analog of the iso(2, 1) spin of the model (21), and, on the other hand, is a rescaled (by a constant) squared curvature of the world trajectory of the particle (21). As it was shown earlier [10, 14, 15], the reduction of the model (21) to the surface of the constant spin value S = −α produces relativistic anyons, whose nonrelativistic limit is, in turn, the model of Duval et al., c.f. [20]. This is in a complete agreement with the relationship of the models (1), (2)-(3) and (21) elaborated here.

– 8 –

Having established the relation of the non-relativistic model [1] with its relativistic counterpart [10], we note that the association of the indefinite metric with higher-derivative term, as it was done in one of the alternative quantization schemes in [1], does not seem natural. Indeed, analogously to the relativistic case, the indefinite metric prescription is not consistent with the real nature of the classical spin variables [10]. On the other hand, it is known [21] that the presence of higher derivatives in lagrangian in relativistic case does not obligatorily leads to the appearance of the tachyonic states in the spectrum.

At last, we note that the problem of introducing interaction discussed here in the context of non-relativistic anyons could give a new perspective for analogous problem in the relativistic case [17]. The obtained results could also be helpful for clarifying the question of spin-statistics relation, which still remains open in the group-theoretical approach to anyons [18].

Acknowledgments

A useful communication with J. Lukierski is gratefully acknowledged. One of us (PAH) is indebted to the Departamento de Física of Universidad de Santiago de Chile for hospitality extended to him. The work was supported by the grants 1010073 and 7010073 from FONDECYT (Chile) and by DYCIT (USACH).

References

[1] J. Lukierski, P. Stichel and W. Zakrzewski, Galilean invariant (2 + 1)-dimensional models with a Chern-Simons-like term and D = 2 noncommutative geometry, Ann. Phys. (NY) 260 (1997) 224.

[2] J-M. Lévy-Leblond, Group theory and applications vol. 2, Loeble ed., Academic, New York 1972 p. 222;

A. Ballesteros, N. Gadella and M. del Olmo, Moyal quantization of 2 + 1 dimensional Galilean systems, J. Math. Phys. 33 (1992) 3379;

Y. Brihaye, C. Gonera, S. Giller and P. Kosinski, Galilean invariance in (2+1)-dimensions,

hep-th/9503046;

D.R. Grigore, The projective unitary irreducible representations of the Galilei group in (1+2)-dimensions, J. Math. Phys. 37 (1996) 460 [hep-th/9312048].

[3] D.R. Grigore, Transitive symplectic manifolds in 1 + 2 dimensions, J. Math. Phys. 37 (1996) 240.

[4] C. Duval, 1995, unpublished.

[5] C. Duval and P.A. Horvathy, The‘Peierls substitution’ and the exotic Galilei group. Phys.

Lett. B 479 (2000) 284; Exotic galilean symmetry in the noncommutative plane, and the Hall effect. J. Phys. A 34 (2001) 10097;

P.A. Horvathy, The non-commutative Landau problem and the Peierls substitution,

hep-th/0201007.

[6] J-M. Souriau, Structure des systèmes dynamiques Paris: Dunod, 1970.

– 9 –

[7] V.P. Nair and A.P. Polychronakos, Quantum mechanics on the noncommutative plane and sphere, Phys. Lett. B 505 (2001) 267 [hep-th/0011172];

S. Bellucci, A. Nersessian and C. Sochichiu, Two phases of the non-commutative quantum mechanics, Phys. Lett. B 522 (2001) 345 [hep-th/0106138].

[8] A. Connes, M. R. Douglas, A. Schwarz, Noncommutative geometry and Matrix theory, J.

High Energy Phys. 02 (1998) 003;

N. Seiberg, E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09 (1999) 032;

M.R. Douglas, N. A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2002) 977.

[9] T. Curtright, D. Fairlie and C.K. Zachos, Features of time-independent wigner functions, Phys. Rev. D 58 (1998) 025002 [hep-th/9711183];

D. Bigatti and L. Susskind, Magnetic fields, branes and noncommutative geometry, Phys. Rev. D 62 (2000) 066004 [hep-th/9908056];

L. Mezincescu, Star operation in quantum mechanics, hep-th/0007046.

[10] M.S. Plyushchay, Relativistic particle with torsion, Majorana equation and fractional spin, Phys. Lett. B 262 (1991) 71; The model of relativistic particle with torsion, Nucl. Phys. B 362 (1991) 54.

[11] G.V. Dunne and R. Jackiw, ’Peierls substitution’ and Chern-Simons quantum mechanics, Nucl. Phys. 33C (Proc. Suppl.) (1993) 114 [hep-th/9204057];

R. Jackiw, Physical instances of noncommuting coordinates, Nucl. Phys. 108 (Proc. Suppl.) (2002) 30 [hep-th/0110057].

[12] A.M. Polyakov, Fermi-Bose transmutations induced by gauge fields, Mod. Phys. Lett. A 3 (1988) 325.

[13] M.S. Plyushchay, Relativistic particle with torsion and charged particle in a constant electromagnetic field: identity of evolution, Mod. Phys. Lett. A 10 (1995) 1463 [hep-th/9309147].

[14] M.S. Plyushchay, The model of a free relativistic particle with fractional spin, Int. J. Mod.

Phys. A 7 (1992) 7045.

[15] M.S. Plyushchay, Relativistic model of anyon, Phys. Lett. B 248 (1990) 107;

R. Jackiw and V.P. Nair, Relativistic wave equations for anyons, Phys. Rev. D 43 (1991) 1933.

[16] J. Gamboa, M. Loewe, F. Mendez and J.C. Rojas, Noncommutative quantum mechanics: the two-dimensional central field, hep-th/0106125.

[17] C.-h. Chou, V.P. Nair and A.P. Polychronakos, On the electromagnetic interactions of anyons, Phys. Lett. B 304 (1993) 105 [hep-th/9301037].

[18] J.L. Cortés, M.S. Plyushchay, Anyons as spinning particles, Int. J. Mod. Phys. A 11 (1996) 3331.

[19] T.D. Newton, E.P. Wigner, Localized states for elementary systems, Rev. Mod. Phys. 21 (1949) 400.

[20] R. Jackiw and V.P. Nair, Anyon spin and the exotic central extension of the planar galilei group, Phys. Lett. B 480 (2000) 237 [hep-th/0003130].

[21] M.S. Plyushchay, Massless point particle with rigidity, Mod. Phys. Lett. A 4 (1989) 837.

– 10 –